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ABSTRACT Time-dependent volume changes following an increasing temperature jump are known to exhibit 
an anomaly as the equilibrium volume is approached. Small differences in initial temperature result in large 
differences in the rate of change of volume deviation 6 near 6 = Kovacs' Teff -6(d6/dt)-' plots exhibit 
this as a "gap" between the curves, which has not previously been explained. We show that the coupling model 
of relaxation is able to produce the gap. The Teff curves, including the size of the gap, are accurately reproduced. 
The size of the gap is used to predict the Kohlrausch exponent n for relaxation at equilibrium, and this is 
found to agree with shear measurements of Plazek. Furthermore, the shapes of the T~ plots are used to predict 
the 6 dependence of the shift factor. The predicted shift factor agrees with the Doolittle equation obtained 
by Kovacs, Stratton, and Ferry at 35 "C and crosses over to  the Doolittle equation of Williams and Ferry 
at 40 "C. Finally, a single primitive molecular relaxation time predicted by the coupling model is shown to 
account for the terminal dispersion, the softening dispersion, and the volume recovery in poly(viny1 acetate). 

1. Introduction 
A model of relaxation (referred to here as the "coupling 

model") has been recently developed and applied to 
problems in glasses, polymers, and other complex sys- 
t e m ~ . ~ - ~  It is a model that incorporates generic properties 
of dynamical systems in a calculation of relaxation. The 
result is a kinetic equation that has a time-dependent rate 
in contrast to the more conventionally considered time- 
independent rates. Application of the coupling model has 
produced many verified predictions and resolved apparent 
anomalies in various fields that presently have no alternate 
explanation. In this work we examine volume recovery of 
poly(viny1 acetate) (PVAc) using the coupling model. 
However, before describing the details of the coupling 
model and its implications for the structural recovery of 
glass, let us briefly review the phenomena of volume re- 
covery and some current formalisms used to describe it. 

Liquids and polymers cooled or heated in the vicinity 
of the glass transition temperature Tg are found to be out 
of structural equilibrium when the rate of cooling or 
heating exceeds the rate of structural (molecular) rear- 
rangements. The subsequent structural recovery of the 
glass has been extensively studied experimentally by many 
groups by following the time dependence of quantities such 
as volume, enthalpy, refractive index, or density fluctua- 
tions. The observed recovery in glassy materials shows 
common behavior: (i) nonlinearity with respect to the 
magnitude of departure from equilibrium, (ii) asymmetry 
with respect to the sign of the departure, and (iii) memory 
effects that are sensitive to the thermal and physical aging 
history. 

An important example of this type of study is the 
measurements of isothermal volume recovery following a 
single rapid temperature change obtained by K o v a c ~ . ~ , ~  
This work was carried out on PVAc, polystyrene, and 
glucose and is notable for the quality and thoroughness 
of the data. The samples were subjected to a standard 
thermal pretreatment that included annealing to erase 
previous history. Samples in volume equilibrium at an 
initial temperature of To were rapidly heated or cooled in 
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the dilatometer to a final temperature of T1. Thermal 
equilibrium is reached in less than 2 min while the ap- 
proach to volume equilibrium generally takes several hours. 
The departure from volume equilibrium can be defined 
in terms of the dimensionless variable 6 

where u is the instantaneous specific volume and u, is its 
equilibrium value at the same temperature (and pressure). 

Figure l a  shows measured values of 6 for PVAc. The 
upper curve shows contraction where the sample has been 
rapidly cooled from To = 40 "C to T,  = 35 "C and the 
approach to equilibrium involves positive values of 6. The 
lower curve shows expansion, 6 < 0, after a rapid tem- 
perature increase from To = 30 "C to T ,  = 35 "C. The 
asymmetry between expansion and contraction is clear 
from this figure. A very sensitive parameter called 7-ef- 
fective ( T ~ ~ )  was first introduced by Kovacs5 and is defined 
by 

T i $  2 -6-'(d6/dt) (1.2) 

This can be determined from the data in Figure la ,  and 
a plot of the corresponding Teff is shown in Figure lb. 
Curves corresponding to other values of To have also been 
included. The Teff representation is quite sensitive to the 
approach in time to equilibrium, and it is able to reveal 
many characteristics that are not easily seen from the 
primary data. Figure 1 shows only a portion of Kovacs' 
data on PVAc, but the richness of the behavior is evident. 

The complex behavior shown by the 6 and Teff plots of 
the volume recovery data have been used as proving 
grounds for an understanding of glassy behavior. Phe- 
nomenological models, which can reproduce many of the 
essential features shown in Figure 1 have been previously 
developed. These models contain two elements that seem 
necessary to understand this behavior: (i) a broad relax- 
ation spectrum and (ii) a dependence of the relaxation 
time(s) on structure (i.e,, 6) as well as temperature. The 
Kovacs, Aklonis, Hutchinson, and Ramos (KAHR) mul- 
tiparameter model6 splits up the total departure from 
equilibrium 6 into N individual contributions 6i such that 
6 = CSi. The decay of each is governed by a relaxation 
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the parameter x is adjustable. The T and 6 dependences 
are assumed to be the same for each mode but the value 
of the prefactor 7i1 is spread over several decades in time 
corresponding to i = 1, ..., N. 

Although asymmetry and nonlinearity behavior are ex- 
hibited even by a single-parameter KAHR model (i.e., N 
= I), a broad distribution of many relaxation times is 
required to produce an approximation to the detailed 
shapes in Figure 1. Multiple relaxation times in the KAHR 
model are also required to reproduce memory effects that 
are observed in experiments with multiple temperature 
jumps. The distribution of relaxation times can be spec- 
ified by giving the weights, gi, corresponding to each 7i in 
eq 1.4. By testing many different distributions, it can be 
determined what distribution is required to produce the 
features of Figure 1. This leads to a distribution gi(7J that 
essentially consists of two parts: a long-time section 
spanning about 2 decades of time and containing about 
90% of the weight and a short-time tail spanning about 
3 decades of time. The number of 7is required for a rea- 
sonable description of Figure l is about 50. This spectrum 
takes the approximate shape of "two boxes", although the 
shapes of the boxes have been smoothed in some fits to 
the data.7 The short-time tail piece is required to produce 
the upturn of the expansion 7,ff curves at  short times in 
Figure 1 while the slopes of the 7,ff curves are sensitive to 
the width of each piece of the spectrum. The values of the 
gi are assumed to be independent of 6 and T so that the 
entire distribution shifts rigidly along the logarithmic time 
scale by an amount log (a& when 6 or T vary. The 
qualitative behavior of Figure 1 can be interpreteds within 
the KAHR model in terms of the change in overlap be- 
tween this shifting distribution and the decay function 
exp[-J;dt'~-~] of eq 1.4. As we discuss below, however, 
there are some features of the data that cannot be repro- 
duced by the KAHR model. 

Relaxation spectra from equilibrium experiments for 
quantities such as the relaxation modulus have also been 
formally decomposed into a distribution of relaxation times 
that roughly has a long-time piece of large weight and a 
short-time tail. The shape of the corresponding relaxation 
decay functions can often be accurately described by the 
fractional exponential or Kohlrausch function 

#(t)  = exp[-( t /~) l -~]  (1.8) 
It has been pointed out by KAHR6 that a relaxation 
function of the form # ( t )  = Cgi exp(-t/rJ where gi(7J is 
a two-box distribution of the type above is similar to the 
Kohlrausch function eq 1.8 for a particular value of n. 
Equation 1.4 would approximate such a form at  equilib- 
rium where each 7i is simply a constant. Matsuoka et aLZ7 
have recently discussed many aspects of the relaxation 
spectra within the KAHR model. 

Other models have been developed that have the same 
essential features as the KAHR model. Robertson's 
modeP13 also has a distribution of structurally dependent 
relaxation times. However, the model attempts to relate 
the relaxation times to a distribution of free volume. The 
rate of change of free volume from a local region in the 
glass is assumed to depend on the average free volume in 
that region. The free volumes are taken to correspond to 
conformational rearrangements within a simple model of 
cis and trans backbone rotational states. For simplicity, 
the free volume is restricted to a set of N discrete values, 
and these free volume values are distributed according to 
a binomial distribution. The variance of this distribution 
is estimated1°J2 from the formula for equilibrium thermal 
density fluctuations, AKkT/ V ,  where AK is the difference 
between compressibilities of liquid and glass and V is the 
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Figure 1. Volume recovery data of Kovacs (ref 5 )  in PVAc at 
35 O C :  (a) volume deviation (6, eq 1.1) vs. time; (b) - log Teff  (eq 
1.2) vs. 6. 

time 7, which is a function of the total 6 as well as tem- 
perature 

Therefore 
N 

6 = 6,Cgi exp[ -Jtdt 7;l] 

(1.3) 

(1.4) 

7i = 7i(T,6) (1.5) 

The normalization condition Cgi  = 1 ensures that 6(0) = 
6, where 6, = Aa(To - TI) and A a  is the excess expansion 
coefficient of the liquid with respect to the glass. For 
PVAc, A a  zi (4-5) X K-l. This partitioning of the 
response among various modes that have different relax- 
ation times is analogous to the distribution of relaxation 
times that has often been invoked to interpret linear vis- 
coelastic experiments. However, in the present case, each 
of the relaxation times should be dependent on the mo- 
lecular motions in the system, and this dependence is 
measured by the total 6 as in eq 1.5. This physical re- 
quirement on the relaxation times means that eq 1.4 for 
the time evolution of 6 must be solved self-consistently in 
6. This self-consistent modification of the 7, as 6 evolves 
allows the model to exhibit asymmetry and nonlinearity 
behavior as observed. 

In practice, application of the KAHR model is usually 
done with T and 6 dependences of 7i factorized as 

7i(7',6) = 7ira~a6 (1.6) 

with empirical expressions used for the shift factors aT and 
as. An example of a form often used for these shift factors 
is 

ala6 = exp[-B(T - T,)] exp[-(1 - x)B6/Aa]  (1.7) 

where e and x are material-dependent parameters and T, 
is a reference temperature. Equation 1.7 has been shown 
to be equivalent to several other empirical expressions 
commonly used, including the Doolittle equation, a t  least 
within a narrow range of temperature.' Empirical ex- 
pressions such as these have been proposed by several 
workers as generalizations of equilibrium shift factors to 
structural nonequilibrium situations. The parameter 0 can 
be estimated from the apparent activation energy con- 
trolling the rate of configurational rearrangements, and 
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for 7(T,6) first introduced by Narayanaswamy16 volume governing a conformational transformation. For 
PVAc, Robertson argues that V r 3.2 nm3 or larger and 
that fluctuations on this scale are important. However, 
this is inconsistent with experimental SAXS measure- 
m e n t ~ . ~ ~ . ’ ~  The rates a t  which the volume element gains 
or loses free volume are assumed to be governed by a WLF 
equation in terms of the average free volume in V and a 
number (e.g., 1 2  for hexagonal closest packing) of neigh- 
boring regions. The WLF form of the rates is supple- 
mented by a prefactor that has an Arrhenius dependence 
on temperature. In terms of these rates, Robertson then 
canstructs an equation for the probability w ( t )  that a 
region contains free volume value fj  at time t. $he average 
free volume a t  time t is then f = Cj”= j j w j ( t ) .  With a re- 
lation assumed between free volume and the actual volume 
deviation, d6/dt = (df/dt)v - feJ1, the result for 6 takes 
the form 

The 7;’ are the magnitudes of the nonzero eigenvalues 
of a matrix of the transition rates between the free volume 
values. The weighting factors g, determine the shape of 
the relaxation spectrum. In the application of Robertson’s 
model to Kovacs’ volume recovery data, the spectrum is 
found to be similar to that assumed by KAHR in that it 
has a breadth many decades wide and more highly 
weighted at the long-time end.12J3 However, each spectral 
line is weighted according to the remaining deviation from 
equilibrium of the free volume state giving rise to the line, 
and, unlike the KAHR model, the spectrum can change 
shape as the volume recovery proceeds.13 However the 
spectrum is predicted to narrow following a jump down 
in temperature, contrary to experimental data.42J4 
Equation 1.9 takes the form of a sum of decaying expo- 
nentials in time rather than a sum of exponentials of an 
integral over the relaxation times as in the KAHR model 
eq 1.4. This difference arises because Robertson assumed 
that the transition rates do not change over moderate time 
intervals. He found that the average free volume (and the 
rates that depend on it) need only be reevaluated inter- 
mittently, and that this does not introduce significant 
error. In spite of differences in detail and problems with 
its physical basis, Robertson’s equation for the volume 
recovery has many of the same basic features as the KAHR 
model. Robertson’s model does exhibit some of the fea- 
tures of Figure 1; however, as we shall show, it fails to 
reproduce some important aspects of the data. 

Moynihan and co-workers’6 have also introduced a 
phenomenological model for structural recovery that has 
a broad relaxation spectrum and structurally dependent 
relaxation times. However, instead of a weighted sum of 
exponentials, as in the KAHR and Robertson models, 
Moynihan uses a single relaxation function that is intrin- 
sically nonexponential. For volume recovery following a 
single temperature jump this can be written 

6 ( t )  = 6, exp[-( L’d t ’  T-,)’] (1.10) 

where = T(T,B) and 0 < /3 < 1. The parameter /3 produces 
a broad effective relaxation spectrum even though there 
is only a single relaxation time 7. Equation 1.10 was not 
derived but was simply proposed by Moynihan as an at- 
tempt to generalize the empirical Kohlrausch function eq 
1.8 to situations of structural nonequilibrium. Since ,B is 
constant, the effective relaxation spectrum does not change 
shape but shifts rigidly with 7 as in the KAHR model. In 
practice, Moynihan et al. have used an empirical expression 

(1.11) 1 (1 - x)Ah 

RT RT€ 

where A,  x, Ah are adjustable constants and the fictive 
temperature, Tf, is given by 6 = Aa(Tf - T). KAHR have 
pointed out that eq 1.11 is equivalent to eq 1.7 within a 
narrow range of temperature.’ As with KAHR and Rob- 
ertson, the Moynihan model can exhibit many of the 
features of Figure 1. The applications of the Moynihan 
model have been extended and studied by several 
gro~ps.l’-’~ 

Although the KAHR, Robertson, and Moynihan models 
have attained degrees of success in reproducing the fea- 
tures of Figure 1, some serious problems remain. The most 
prominent discrepancy is the inability of any of these 
models to even qualitatively reproduce the expansion (6 
< 0) data as 6 approaches zero. In Figure 1, the values of 
-log Teff corresponding to To = 30 and 32.5 O C  differ by 
about half a decade near 6 = (the expansion “gap”). 
The volume deviation measurements near 6 = are 
known to an accuracy of &lo”. We quote Ko~acs :~  “Nous 
avons pu estimer ainsi des variations de volume & 
pres et les densit& & &lo4 g/cm3 pr8s”. The result involves 
differences that are much greater than experimental error 
and the gap is, therefore, a real effect. This effect is also 
observed in expansion measurements in WAC at different 
T,  values as well as in other materials such as polystyrenem 
and zinc chloride glass.21 In contrast, the contraction (6  
> 0) data appear to converge for small 6. This situation 
has prompted discussion in the literature concerning 
whether the limiting state that the annealed glass ap- 
proaches is a true equilibrium state, the sensitivity of 
volume as an indicator of equilibrium, the differences in 
relaxation times of different relaxing quantities, and re- 
lated questions.22-26 However, the problem has remained 
unresolved. 

The Teff plots for the contraction data are relatively 
featureless and have roughly a constant slope at each T,. 
This is reproduced by the KAHR, Robertson, and Moy- 
nihan models. In particular, the KAHR model is able to 
closely fit this data by using a smoothed two-box distri- 
bution.’ For To k 40 “C the assumption of an instanta- 
neous quench from To to T,, which was assumed in eq 1.4, 
1.9, and 1.10, is no longer a good approximation. At these 
higher temperatures, the relaxation times may be short 
enough that some recovery may already have occurred 
during the cooling ramp. The initial 6 may then be smaller 
than 6, = Aa(To - T,) at T = T,. Some of the minor 
descrepancies between the models and the contraction data 
have been attributed to the necessity of introducing a finite 
cooling ramp, and this is certainly physically plau~ible.~ 
The discrepancies with the expansion data are, however, 
more serious. The -log T~~ for the expansion data decrease 
rapidly and then turn over to a region that is roughly flat 
or may even have positive slope as 6 approaches zero. The 
KAHR, Robertson, and Moynihan models exhibit this 
general behavior, but all the curves rapidly approach the 
same point on the 6 = 0 axis regardless of the value of To. 
Not only does this prevent a quantitative description of 
the expansion data but also the essential feature of a “gap” 
between the expansion curves is not even qualitatively 
reproduced. 

As an example, we show in Figure 2 a calculation of Teff 

based on Moynihan’s phenomenological expression eq 1.10. 
We have numerically solved eq 1.10 self-consistently in 6 
using an iterative procedure with ,B = 0.5, ~(35,O) = 0.59 
h and the dependence of the relaxation time on 6, s(T,6) 
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activation enthalpy do not have any physical interpreta- 
tion. Any further modifications of the Moynihan model 
must be considered arbitrary. 

The KAHR model uses a sum of N decaying contribu- 
tions 6, that have not yet been physically identified. Each 
of these contributions were assumed to obey the simple 
rate equation, eq 1.3. KAHR have not insisted on a par- 
ticular physical interpretation for these contributions. 
Robertson also uses a sum of N decaying contributions, 
but he has gone further and proposed an interpretation 
of these contributions in terms of free volume fluctuations. 
These fluctuations are assumed to control the rates of 
conformational changes for a very simple model of cis and 
trans backbone rotational states. The concept of a dis- 
tribution of free volume is phenomenological and does not 
have a fundamental basis. Free volume can be a useful 
concept, but it is well-known that predictions based on free 
volume sometimes fail. In the present situation, the con- 
cept of free volume fluctuations has been shown experi- 
mentally to be irrelevant on the scale of the primary seg- 
mental  motion^.'^*^^ 

In brief, the major problems with the present descrip- 
tions of volume recovery are the inability to reproduce the 
gap near 6 = 0 in the expansion data, the lack of physical 
interpretation of many of the parameters and formulas 
describing the dependence of the relaxation times on T and 
6, and the lack of a fundamental basis for the rate equa- 
tions used to include dynamics in the models. In this 
paper, we demonstrate that the coupling model is able to 
help clarify each of these problems. The coupling model 
is described in section 2. It incorporates generic properties 
of complex dynamical systems into a relaxation calculation. 
The result is a rate equation with a time-dependent re- 
laxation rate. The form of this rate equation has been 
derived from fundamental properties of complex dynam- 
ical systems. This result produces a broad relaxation 
spectrum even for a single relaxation mode. However, this 
broad spectrum is not equivalent to a distribution of re- 
laxation times. This has been previously applied suc- 
cessfully to many glass and polymer  problem^.'-^^^^-^' 

The coupling model is applied to PVAc volume recovery 
in section 3. It produces a broad relaxation spectrum and 
a structural-dependent relaxation time, but it readily 
produces the gap near 6 = 0 in expansion data. The cou- 
pling parameter n governs the breadth and shape of the 
effective relaxation spectrum, and this can be determined 
from the size of the expansion gap. The values of n agree 
with equilibrium compliance measurements of Plazek on 
PVAc. Furthermore, the detailed shape of the Teff plots 
(including the gap) can be used to predict the T and 6 
dependence of the relaxation time. At  T = 35 “C, these 
predictions agree with the Doolittle equation measured 
independently by Kovacs, Stratton, and Ferry and at  T 
= 40 “C with the Doolittle equation measured by Williams 
and Ferry at higher temperatures. These results provide 
strong evidence for the coupling model mechanism in the 
structural recovery of glasses. The coupling model also 
predicts properties of the primitive relaxation time. This 
is also discussed, and it is shown that the same underlying 
primitive relaxation time governs the terminal regime, the 
softening regime, and the volume recovery experiments. 
A summary is given in section 4. 

2. Coupling Model of Relaxation 
Relaxations of a macroscopic variable such as volume, 

enthalpy, stress, polarization, electric field, etc., have been 
observed in appropriate condensed matter systems such 
as glasses, amorphous polymers, polymer melts, viscous 
liquids, ionic conductors, and amorphous semiconduc- 
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Figure 2. Comparison of Moynihan’s phenomenological ex- 
pression (eq 1.10) with the expansion data of Figure 1. Here B 
= 0.5, r(35,O) = 0.59 h, Pa = 4.65 X K-l, and a(T,6) = 
s(T,6)/~(35,0) was adjusted for best fit as shown. The expansion 
gap cannot be reproduced for any choice of parameters. 

= ~(35,0)a(T,6), as shown in Figure 2. To allow the Moy- 
nihan expression as much flexibility as possible, the a(T,6) 
dependence on 6 was chosen to obtain the best fit to the 
data rather than use the empirical formula eq 1.11. Al- 
though Figure 2 is calculated from the Moynihan model, 
it is also representative of the type of reproduction of the 
features produced by the KAHR and Robertson models. 
In particular, the “gap” near 6 = 0 between the expansion 
curves is not reproduced. In fact, we have examined the 
Moynihan model for /3 values from near zero to near one 
and for a variety of a(T,6) functional dependences on 6. 
We used a(T,6) variations ranging from a constant a(T,6) 
to a a(T,6) which decreased by several decades as 6 - 0. 
The expansion curves are always found to rapidly approach 
one another near 6 = 0, and no gap is ever formed. Similar 
results were found by Ng and AklonisZ5 for the KAHR 
model. They examined the effect of the shape of the 
distribution function g r ( T i )  and the effect of the x param- 
eter in eq 1.7 which determines the strength of the 6 de- 
pendence of the 7,. They concluded that the behavior of 
the T , ~  expansion curves near 6 = 0 could not be produced 
by the KAHR model for any reasonable set of parameters. 
Robertson has also pointed out that his free volume based 
model does not reproduce this feature.1°-13 

This situation is a major shortcoming of these models, 
and it has not been clear how to rectify the problem. This 
is due to the phenomenological nature of these models. 
They have demonstrated that many of the features of 
volume recovery can be obtained with simply a broad re- 
laxation spectrum and structural-dependent relaxation 
times. However, all of the approaches make assumptions 
concerning the dependence of the relaxation times on T 
and 6 and on the method for producing a broad relaxation 
spectrum. The physical interpretation of many of the 
parameters and functions are not understood. In Moy- 
nihan’s model, the form of the relaxation function eq 1.10 
was taken as an assumption and not derived from any 
kinetic or rate theory appropriate to glassy systems. 
Therefore, even to the extent that agreement is obtained 
between the model and data, it is difficult to evaluate the 
results in a physically meaningful way. In addition, when 
empirical expressions such as the Narayanswamy form eq 
1.11 are used for T ( T , ~ ) ,  the values of the constants are 
found to take physically unacceptable values. Application 
of the Moynihan model to describe PVAc data using eq 
1.11 requiresz6 the values A = 3.6 X s and Ah = 142 
kcal/mol. This extremely small time scale and very large 



1074 Rendell et al. Macromolecules, Vol. 20, No. 5, 1987 

and Prigogine by extending the class of Hamiltonians 
under considerat i~n.~~ Those studied by van Hove, Pri- 
gogine, and others were actually quite restrictive and do 
not possess the generic properties. If Hamiltonians with 
generic properties are used, then all the elements of the 
original coupling model emerge. In particular, this 
framework can be used to develop the coupling model 
completely on the basis of the classical equations of 
motion.32 

Equation 2.3 can be understood intuitively as follows. 
Consider a single type of macroscopic variable, which we 
will refer to as a primitive species (PS), coupled to a heat 
bath. Most glasses, metallic glasses, and viscous liquids 
are known to have some residual short-range spatial order. 
Due to the heat bath, the PS begins to relax with a con- 
stant rate T ~ - ~  because the molecular motions only involve 
the regions of short-range order. We first consider a ho- 
mogeneous system so that all PSs have essentially the same 
constant rate T ~ - ~  in each domain of short-range order 
throughout the material. Complex systems such as glasses 
do have short-range order, but they lack long-range order. 
Therefore, an individual PS cannot remain isolated from 
other PSs or other neighboring species at later times. 
Rather a PS is coupled via molecular, ionic, electronic, or 
other interactions with its complex environment that may 
include other PSs. Subsequent relaxation of a PS then 
involves sequential cooperative adjustments by both its 
complex environment and the PS ibelf. Such cooperative 
adjustments act to slow the simple relaxation rate T ~ - ~  at  
times longer than a time t ,  w l l  that is characteristic of 
the cooperative adjustments. The time t ,  is determined 
by the complex environment that has a larger spatial scale 
than that of the residual order. The interaction between 
the PS and the heat bath which is responsible for the 
simple relaxation rate T ~ - ~  occurs at times short compared 
to t, so that any frequency v characteristic of the heat bath 
such as molecular vibrations must be larger than w , / 2 ~ .  
The result is a time-dependent rate W(t)  = TO-l f ( t ) ,  where 
f ( t )  = 1 for w,t << 1 and f ( t )  C 1 for o,t >> 1. The function 
f ( t )  will depend on the strength of coupling between the 
PS and the environment as well as the degree of com- 
plexity of the environment. 

A complex environment beyond the short-range order 
is reflected in the dynamics by the generic properties ex- 
hibited by complex Hamiltonians. When these properties 
are included in a relaxation calculation, we find1-3132 the 
specific result f ( t )  = (act)-" for w,t >> 1, leading to eq 2.3. 
Since these properties are generic, the form of eq 2.3 is not 
sensitive to the details of the intermolecular potentials, 
bond configurations, and other details of the system. It 
is this circumstance that allows us to avoid having to ex- 
plicitly describe the molecular details. If the features that 
modify the relaxation rate were not generic, our approach 
would not be useful. Even very simple interacting polymer 
chain models that we have constructed exhibit these gen- 
eric properties. If it were possible to construct a realistic 
Hamiltonian that incorporates the molecular interactions 
in detail, we should expect it to possess the generic prop- 
erties. The specific values of T ~ ,  a,, and n do depend on 
such details of the material system. The parameter n (0 
C n < 1) is a measure of the coupling strength of the PS 
to the complex environment. For very weak coupling to 
the environment, n = 0 and the rate remains nearly con- 
stant at w,t >> 1 (Le., ~ ~ - ' ( o , t ) - ~  = ~ ~ - l ) .  However, when 
n is significantly greater than zero, the effect of the 
time-dependent rate is considerable. 

Let us briefly examine the consequences of the coupling 
model result, eq 2.3. This describes the rate of relaxation 

to r~ . l -~  In the simpler condensed matter systems such as 
crystals and simple liquids, the decay in time of a ma- 
croscopic variable can often be described by a rate equation 
with a constant rate Wo = T ~ - ~  

d4/dt  = -7o-l# (2.1) 

4(t) = d o )  exp(-t/T0) (2.2) 
This leads to an exponential decay 

The origin of a simple rate equation with constant rate 
from the underlying equations of motion of the microscopic 
molecular degrees of freedom was studied over 30 years 
ago by van Hove, Prigogine, and others.29 The microscopic 
variables are described by a Hamiltonian that describes 
the kinetic and potential energies of all the molecules and 
bonds which make up the system. The time development 
of the coordinates and momenta of the variables are gov- 
erned by Hamilton's classical equations of motion (if 
quantum effects are not important). The macroscopic 
variable is a function of these coordinates and momenta, 
and it thereby also evolves in time. This evolution in time 
of the macroscopic variable can be dissipative, even though 
the underlying equations of motion are not, if the system 
is coupled to a heat bath. The heat bath is made up of 
a large number of fast degrees of freedom that remain in 
thermal equilibrium while the macroscopic variable decays 
on a longer time scale. van Hove and Prigogine described 
conditions for which the evolution of the macroscopic 
variable can be approximated by a Hamiltonian system 
coupled to a heat bath. For the class of Hamiltonians they 
studied, they obtained the rate equation with constant rate 
eq 2.1 (or the associated master equation with constant 
transition rate). The value of 70 depends on the details 
of the Hamiltonian under consideration. 

Since these earlier studies on the microscopic origin of 
rate equations, there has been a resurgence of interest in 
the dynamical properties of Hamiltonians. In the past 15 
years, a large body of work has demonstrated that the 
dynamics of Hamiltonian systems exhibit certain generic 
feat~res.~Or~l For instance, quantum Hamiltonians gen- 
erically possess a linear level spacings distribution. In the 
corresponding classical limit, Hamiltonians generically 
possess a characteristic structure of regular and stochastic 
orbits in phase space. Only certain simple Hamiltonians 
can avoid these generic features. These generic features 
had never before been incorporated into a calculation of 
relaxation. The coupling model attempts to do just that. 
The interest in doing this is that any realistic complex 
system such as a glass will almost certainly have these 
generic features. Such complex systems do not exhibit the 
simple exponential decay eq 2.2, so it is of interest to 
examine the generic case. 

The original version of the coupling model incorporated 
the linear level spacings distribution that is generic to 
quantum Hamiltonians. The result was that the macro- 
scopic variable initially decays by a constant rate W, = TC', 
but at times longer than a characteristic time t ,  3 w;' the 
rate becomes explicitly time-dependent of the form W = 
~ ~ - ' ( w , t ) - "  where 0 < n < 1. This is the basic result of the 
coupling model, and it can be summarized as 

W ( t )  = 70-1, w,t << 1 
= TO-l (Wct)-" ,  w,t >> 1 (2.3) 

This result has profound consequences that will be de- 
scribed shortly. The model can be understood as an ex- 
tension of standard treatments of relaxation that examine 
a Hamiltonian system coupled to a heat bath. We have 
recently been able to formulate the coupling model directly 
within the framework of relaxation developed by van Hove 
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of the macroscopic variable 

d4/dt = -W(t)4 (2.4) 

With eq 2.3 this can be simply integrated to the result 
4W = 4(0) exp(-t/ro), w,t << 1 (2.5) 

and 

4(t) = 4(0) exp[-L'dt' TO-l(w,t')-n] w,t >> 1 (2.6) 

The slower than exponential decay eq 2.6 reflects the 
coupling of the PS to its complex environment. We have 
been able to determine2-3v33 wc for some polymers, and it 
is typically in the range w, 109-1010 s-l. Equation 2.6 
will be applied to volume recovery in the next section. The 
material-dependent parameters T ~ ,  w,, and n may change 
during the course of structural recovery. However, the case 
of structural equilibrium is simpler and gives much insight 
into the meaning of eq 2.6. If T ~ ,  w,, and n are constant 
on the time scale of a relaxation experiment, eq 2.6 can 
be further simplified as 

4(t)  = 4(0) e x p [ - P / ( ( l  - r ~ ) w , ~ ~ ~ ) ]  (2.7) 

or 

4(t) = 4(0) exp[-(t/~*)'-"], w,t >> 1 (2.8) 

7* P [(I - n)Wcn70]1/(1-n) (2.9) 

In this situation we immediately obtain the fractional 
exponential or Kohlrausch decay function3 which is com- 
monly observed in relaxation experiments (e.g., see eq 1.8). 
The effective relaxation time T* of the complex system has 
been defined, and it is related to the primitive relaxation 
time so by eq 2.9. Notice that eq 2.8 and 2.9 both contain 
the same parameter n. The measured relaxation time T* 

is thus related to the shape of the time decay function. 
This leads immediately to testable predictions because eq 
2.8 and 2.9 must both be obeyed for the same value of n. 
If relaxation data conforms to the Kohlrausch form, n can 
be determined by comparing eq 2.8 to the data. This value 
of n can then be used in eq 2.9 to predict properties of T*. 

For example, suppose it were known from experiments or 
theory that the relaxation time for the PS had certain 
dependences on, e.g., molecular weight, temperature, 
pressure, or other variables 

70 = 7o(M,T,P, ...) (2.10) 

7* a [70(M,T,P,...)]l/(l-n) (2.11) 

Then eq 2.9 predicts 

This type of prediction has been repeatedly verified for 
several different relaxation processes and many different 
materials. A good example is the terminal relaxation in 
polymer For low molecular weight, M < M,, 
the linear chains can be considered uncoupled, and this 
represents the PS. It is known that G - exp(-t/To) and 
T~(M,T) - hfto(T), where T 0 ( T )  is the simple friction 
factor. In polyethylene, to(T) - exp(E,/RT) where the 
rotational isomerism barrier E, = 3.6 kcal/mol has been 
measured spectroscopically.35 If M > M,, the chains are 
entangled and coupled, i.e., the PS is coupled to a complex 
environment. The terminal relaxation modulus of mono- 
disperse entangled polyethylene melts is described 
by eq 2.8 with n zz 0.41. Monodisperse melts have chains 
of nearly the same molecular weight. The T~ will then be 
essentially the same for each chain (i.e., homogeneous 
system). Since both n and T ~ ( M , T )  are known from 
measurements, we can predict T*(M,T) with eq 2.9 or eq 
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2.11: T* - W/(l-n) exp(E,/(l - n)RT) - W.4 exp[(6.35 
kcal/mol)/RT], in agreement with measurements on 
monodisperse entangled polyethylene melts.35 Thus the 
coupling model successfully predicts the results of rheo- 
logical measurements from molecular properties. 

The coupling model does not present a theory for either 
T~ or 7*, but it is able to predict relations between these 
two relaxation times. Other examples where eq 2.8 and 
2.9 have been simultaneously verified include several 
different phenomena in primary and secondary relaxations 
in polymers, ionic conductivity relaxations, and electronic 
hopping conductivity rela~ations.l-~ The coupling model 
not only predicts Kohlrausch decay based on fundamental 
properties of dynamical systems but also provides a 
physical criterion for its appearance. The criterion is that, 
as mentioned above, the system is homogeneous so that 
all PSs have the same 7o throughout the material. If the 
system is inhomogeneous, there can be several primitive 
relaxation times 701, 702, ... The generic properties of 
Hamiltonians will now modify each of these primitive re- 
laxations so that the complex system is described by a 
combination of several Kohlrausch functions with nl, n2, 
... In the polymer-melt example, homogeneous systems 
with all chains nearly the same length (i.e., monodisperse) 
can be accurately made by chemists. Indeed, the terminal 
region of polydisperse polymer melts deviates considerably 
from a single Kohlrausch decay.3 The inhomogeneous 
situation is more difficult to test. It is interesting that 
many condensed matter systems can be described by a 
single primitive 70 and the coupling model. 

The coupling model predicts a nonexponential Kohl- 
rausch decay in complex systems even for a single primitive 
T ~ .  Most work in polymers and glasses assumes a single 
exponential corresponding to each relaxation time i.e., eq 
2.2. The effects of complexity are often attributed to the 
existence of many different 7's. This is assumed in the 
KAHR and Robertson models. However, as described 
above, a single-exponential decay has been justified from 
the equations of motion only for simple systems. The 
modification of the rate equation by the generic properties 
of dynamical systems represents genuinely new physics. 
The Kohlrausch decay eq 2.8 predicted by the coupling 
model is not equivalent to a weighted sum of exponentials 
because of the simultaneous prediction between 7* and 70 
in eq 2.9. If we write @(t) = d(0) Cg, exp(-t/T,), it is 
possible to carefully choose the distribution of relaxation 
times gl(7,) so that it equals a Kohlrausch function 
exp[-(t/~)~-"] for some n. However, eq 2.9 cannot be 
produced by such a distribution. If each 7, is proportional 
to a basic relaxation T ~ ,  7, = ~ ~ a , ,  then it is easy to show 
that 7 a T~ This is in contrast to T* a T ~ ~ / ( ~ - ~ )  from the 
coupling model. Thus the physical situations analyzed by 
the coupling model cannot be described by a distribution 
of relaxation times alone. 

Moynihan's model uses a nonexponential function with 
a single relaxation time. However, this was proposed as 
a generalization of the Kohlrausch function, and it was not 
derived. The coupling model result eq 2.6 also generalizes 
Kohlrausch to situations of structural recovery, but it is 
based on generic properties of dynamical systems. Moy- 
nihan's phenomenological expression eq 1.10 is not the 
same as the coupling model result eq 2.6, and its impli- 
cations for volume recovery are quite different. This will 
be shown clearly in the next section. 

Although eq 2.8 and 2.9 have been tested repeatedly, the 
general result eq 2.6 has not been quantitatively tested. 
Limited simulations were previously p r e ~ e n t e d , ~ ~  but no 
predictions were tested. The general result requires not 
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just single values of T ~ ,  wc, and n but their functional de- 
pendences on structure. However, sufficient data is 
available for application to volume recovery in PVAc. The 
explicitly time-dependent rate of the coupling model arises 
from fundamental properties of complex dynamic systems 
and should be incorporated into any model of structural 
recovery. These physical features are not considered in 
previous models, and from our viewpoint, this omission 
must lead to deviations from experimentally observed 
behavior. 

3. Coupling Model Predictions in Volume 
Recovery 

The basic result of the coupling model is the time-de- 
pendent rate W(t) eq 2.3 in which a constant primitive rate 
70-l is modified at  long times ( w c t  >> 1) by the time-de- 
pendent factor (act)-" due to coupling with the complex 
environment. This determines the properties of relaxation. 
In structural equilibrium, it leads to the Kohlrausch decay 
eq 2.8 and the relation eq 2.9 between T~ and the measured 
relaxation time T*. These predictions have been repeatedly 
verified. The time-dependent rate should also determine 
the features of structural recovery. Most of our discussion 
of volume recovery will be in terms of the directly ob- 
servable parameters n and T*. We will later discuss the 
predicted behavior of r0 using eq 2.9. Therefore, it will 
be useful to rewrite W ( t )  in eq 2.3 directly in terms of T* 

by using eq 2.9 to eliminate w , ~ T ~  

W ( t )  = (1 - n)T*-'(t/T*)-", o,t >> 1 (3.1) 

In structural equilibrium, n was the fractional exponent 
of the Kohlrausch function, and it determined the shape 
of the relaxation spectrum. The value of n depends both 
on the material and the relaxation process under consid- 
eration. During structural recovery, it is possible for n to 
change with the structure. There is evidence for changes 
in the shape of the relaxation spectrum in PVAc during 
volume recovery. Kovacs, Stratton, and Ferry (KSF)39 
studied the dynamic storage and loss shear moduli over 
a range of frequencies as a function of elapsed time after 
quench from a temperature well above Tg to several tem- 
peratures near Tg (T, z 33 "C). Volume contraction 
measurements were also made on the same samples under 
essentially the same conditions. The method of reduced 
variables was applied to the frequency dependence of GI 
and G"at various temperatures by using shift factors. The 
shift factors are considered as functions of temperature 
and the elapsed time after quench a(T,t) or, alternately, 
as functions of temperature and the volume deviation 
a(T,6). They were calculated by KSF by using a modified 
Doolittle equation with a reference state of volume equi- 
librium at 35 "C 

log a(T,6) = (1/2.303)(l/f(T,6) - l/f(35,0)) (3.2) 

where 
f(T,6) = f(35,O) + af(T - 35) + 6 (3.3) 

Here 6 are the measured volume deviations corresponding 
to the same thermal history. KSF found that the values 
f(35,O) = 0.0225 and af = 5.3 X K-' give the correct 
temperature dependence of the shift factors in volume 
equilibrium (6 = 0). If 6 is considered as a measure of the 
deviation of a fictive temperature Tf from the actual tem- 
perature T, then 

6 = ALY(T~-  T )  (3.4) 
Here Aa is the excess expansion coefficient of the liquid 
with respect to the glass as mentioned in section 1. KSF 
estimate Aa z 4.4 X K-l for their samples, and this 
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is not identical with a'f. For G ', which is negligibly affected 
by changes in the shape of the relaxation spectrum, the 
shift factor eq 3.2 was successful in putting all the data 
on a single composite curve. Equation 3.2 was also tested 
for G'during volume expansion, and it agreed with a shift 
factor determined empirically from the data. These shifts 
correspond to progressive increases in the relaxation time 
as volume recovery proceeds. Since the T and 6 depen- 
dence of the shift factors are identical for shear and volume 
deformation near Tg, KSF concluded that the corre- 
sponding molecular motions are similar. They found, 
however, that the G" data a t  various temperatures and 
elapsed time after quench (or 6) did not reduce satisfac- 
torily a t  long elapsed times and low temperatures (i.e., 
corresponding to f(T,6) C 0.022 in eq 3.3). 

This was analogous to the lack of superposition which 
KSF found at volume equilibrium for T I 33 "C. These 
results indicate a change in the shape of the relaxation 
spectrum as 6 - 0 and as T decreases. In the coupling 
model, this would correspond to a change in n as 6 - 0 
and as T decreases. Although KSF did not fit their volume 
equilibrium data to a Kohlrausch function eq 2.8 to de- 
termine n, the Kohlrausch function has been found to 
accurately describe the primary relaxation near Tg in many 
polymers. The KSF G" measurements extend over only 
about ll/z decades at each temperature, and this does not 
permit an accurate determination of n. Plazek has mea- 
sured torsional creep compliance in polystyrene below Tg 
at a series of aging times.*O If the relaxation modulus is 
described by G(t) = Go exp[-(t/~*)l-"] (i.e., Kohlrausch 
function, eq 2.8), then the corresponding compliance J ( t )  
can be obtained by numerically solving the convolution 
relation 

(3.5) 

Plazek, Ngai, and Rendell solved eq 3.5 for J ( t )  and fit it 
to the measured compliances to determine n at each aging 
time.40 These fit the measured J( t )  very well, and the 
results were consistent with an increase of n with aging 
times. This is similar to the KSF results in PVAc. For 
polystyrene, n increased with aging from 0.55 to 0.66. 
Furthermore, the observed increase in r* was found to 
follow the second coupling model prediction eq 2.9 as 
physical aging proceeded. Shear creep measurements were 
also obtained by Plazek2s in PVAc in the softening tran- 
sition region, T N 37.5-60 "C.  The short-time response 
in the range 37.5 I T 5 40 "C is governed by the primary 
relaxation. Ngai and Plazek41 have found that J ( t )  in this 
range is also accurately described by eq 3.5 with G(t) given 
by a Kohlrausch function. Their fits were consistent with 
a constant value of n in the range 0.55 I n, I 0.59. For 
these temperatures the compliances can be reduced to a 
single composite curve, and Plazek found that his shift 
factors a(T) are in agreement with the KSF shift factors 
a t  6 = 0. In making this comparison, Plazek adjusted the 
KSF shift factor to account for the different moisture 
content in the Plazek and KSF aamplesaZ8 We also note 
that dielectric measurements in PVAc are well described 
by the Kohlrausch f u n ~ t i o n . ~ ~ * ~ ~  The value of n is found 
to increase as T decreases. 

Therefore, we should allow for the possibility of n 
changing the structure and temperature. The dependence 
of n on the detailed molecular structure is quite compli- 
cated. However, a simple way to label these changes in 
n is to consider it as a function of T and 6, n = n(T,6), or 
equivalently as a function of Tf using eq 3.4, n = n(Tf).  
The observed relaxation time can be labeled in a similar 
way, T* = T*(T,S). For volume recovery the macroscopic 

t 
t = $, dT J ( T ) G ( ~ - T )  
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Figure 3. Calculation of T , ~  using coupling model (eq 3.6-3.8) 
with n = 0.5, ~*(35,0) = 0.14 h, and Aa = 4.65 X lo-' K-I. As the 
dependence of a(T,6) on 6 becomes stronger, asymmetry and an 
expansion gap are produced. 

variable 4, discussed in section 2, is identified with 6. Then 
the time-dependent rate eq 3.1 determines the relaxation 
of the volume recovery 

6(t) = a0 e x p [ - I  0 dt' (1 - n)r*- ' ( t ' /~*) -~]  (3.6) 

Here the rate parameters n = n(T,G(t')) and T* = 
~*(T,6(t?> evolve as the volume recovery proceeds. This 
is equivalent to eq 2.6 with o , ~ T ~  eliminated by use of eq 
2.9. Note that since both n and T* appear inside the in- 
tegral in eq 3.6, the history-dependent change of both these 
parameters is an inherent property of the coupling model. 
The solution of eq 3.6 must be done self-consistently in 
6. Equation 3.6 assumes a single instantaneous T jump 
from To to Tl,  causing an initial deviation 6, = Aa(To - 
T,). This corresponds to T f  = To at  t = 0 in eq 3.4. 
Equation 3.6 also assumes that the underlying primitive 
relaxation time T~ is homogeneous throughout the material 
and is common to all the primitive species. An inhomo- 
geneous situation would be described by a series of terms 
of the form eq 3.6. Each term could have a different T* 

and n: T,*, T ~ * ,  etc., and n,, n2, etc. Since the coupling 
model with homogeneous T~ accurately describes many 
volume equilibrium experiments, we will first examine the 
volume recovery data using eq 3.6. 

Given the functional dependences n(T,6) and T*(T,S), 
eq 3.6 is solved numerically by an iterative procedure. Let 
us define the T* dependences in terms of a shift factor with 
a reference state of volume equilibrium at  35 "C. 

(3.7) 

This will allow us to compare the results of our analysis 
with the KSF shift factor measurements as described by 
their Doolittle equation, eq 3.2. Using the definition in 
eq 1.2, we can also obtain an expression for T , ~  within the 
coupling model 

T& = (1 - n)T*-l(t/T*)-" (3.8) 

This is precisely the time-dependent rate W(t)  in eq 3.1. 
The value of 6 in n(T,6) and T*(T,S) corresponding to the 
time t must, of course, be taken from the self-consistent 
solution of eq 3.6. Before examining the volume recovery 
data, let us explore the general properties of eq 3.6 and 
3.8. 

For simplicity, first consider n to be constant. At T = 
T, = 35 "C and n = 0.5, we have calculated 6 ( t )  for several 
a(T,6) dependences on 6. The initial value of 6 is given by 
60 7 Aa(To - 2'1). We have used A a  = 4.65 x lo-* K-l, 
which is compatible with the values reported by Kovacs. 

t 

u(T,6) 1 T* (T,6) / T* (35,O) 

I 
0 2 
log t (hrs) 

-3 ' 
-2 

Figure 4. Illustration of the coupling model expansion gap 
relation, eq 3.9, using Figure 3c. Given R = tz/tl ,  the gap is a 
direct measure of n. 

Figure 3 shows the corresponding calculated Teff plots. 
Figure 3a shows the result for a(T,6) = constant. This is 
completely symmetrical in the expansion and contraction 
curves. However, Figure 3b shows that a decrease in a(T,6) 
with 6 results in a substantial asymmetry, and the results 
for both expansion and contraction are similar to the data 
(e.g., Figure 1). The approach of the expansion curves 
flatten as they approach 6 = 0. In particular, a gap has 
now appeared between the expansion curves near 6 = 0. 
Thus, the coupling model readily produces the expansion 
gap. Figure 3c shows that a faster decrease of a(T,6) with 
6 results in a steeper approach of the expansion curve to 
6 = 0 with positive slope and an enhancement in the size 
of the gap. The gap persists for very small 6. However, 
the curves eventually do merge at  6 = 0. 

These results can be easily understood, and they are a 
direct result of the time-dependent rate W ( t ) ,  eq 3.1, 
predicted by the coupling model. As mentioned, this is 
identical with Tiif in eq 3.8. For a given value of 6 = 6' = 
0, the values of log Tiif corresponding to To = To= and To 
= TOb differ by a substantial amount. From eq 3.8 this 
difference, the gap A, is simply 

A = log T&(TOa,6') - log 7if(TOb,8') = n log [ta.(b)/taf(a)] 
(3.9) 

Here t,,(a) and tat(b) are the times at which the value 6 = 
6' is reached corresponding to  Ton and TO,,, respectively. 
For a given value of the ratio R ta(b)/tdt(a), the size of 
the gap is a direct measure of n. Consider the expansion 
curves in Figure 3c in more detail. This is replotted in 
Figure 4 along with the corresponding 6 ( t )  vs. log t curves. 
From the plots we find that log t((32.5 "C) P 1.13 and log 
tat(30 "C) 0.34 at  6' X lo3 = -0.1. They are about 0.79 
decades apart, and therefore R = The size of the 
gap should then be A = n log R = 0.5 X 0.79 = 0.4 decade. 
This gap size is verified directly from the Teff plots. The 
gap in Figure 4 is sizable because n is significantly different 
from zero and because R is significantly greater than one. 
The value of R is history dependent and is a function of 
T,, TOb, and u(T,6). However, for a given value of R, the 
gap size gives a direct measure of the coupling parameter 
n. This is demonstrated in Figure 5 where Teff plots have 
been calculated for n = 0.3,0.5, and 0.7. A different a(T,6) 
has been used in each case, and it has been adjusted so that 
R is the same for all three cases (Le., R = at 6' X lo3 
= -0.1). Note that the shapes of the Teff curves must be 



1078 Rendell et al. 

n = 0.2 n = 0.5 , ,/ n ,= Of 

L . . l . ~ l . . l . . l . . 1 . . 1  

-2 0 2 -2 0 2 - 2  0 2 
6 x io3  

Figure 5. Illustration of the couplin model expansion gap 
relation, eq 3.9 for fixed R = t z / t l  = 1 0 8  me gap size increases 
in proportion to n. 

quite different in order to produce the same R in each case. 
The gap size indeed increases in proportion to n in Figure 
5. As we shall see, eq 3.9 is quantitatively verified in the 
data. 

In contrast to this, Figure 3a did not have a gap even 
though n = 0.5. The reason for this is that R = here 
and, therefore, A = 0.5 X 0.22 = 0.11. R is significantly 
greater than 1 only if a(T,6) changes with 6. With eq 3.6 
and 3.8, the slope S on the reff plot takes the form 

d 
d6 s -[- log T , ~ ]  = 

Term S1 has its origin in the explicit t dependence in W(t)  
while S2 arises from the change of 7* with 6. Note that 
S1 < 0 for expansion and S1 > 0 for contraction while S2 
2 0 always. Thus if r*(T,S) (or a(T,6)) has significant 
variation with 6, then S1 and S2 have opposite signs in 
expansion, and they compete. At  both early times and long 
times (i.e., 6 r 0), S1 dominates. A t  intermediate times, 
S2 contributes and produces the flattening or even positive 
slope in the expansion Teff plots. S2 contributes over a 
larger range of 6 in the To = 30 "C curve than the 32.5 "C 
curve in Figure 3c (or Figure 4). This allows t,,(30 "C) to 
be significantly larger than t8](32.5 "C) and thus R >> 1. 
In Figure 3a, S2 = 0, and this results in R = 1. Notice that 
in contraction, S1 and S2 have the same sign. Therefore, 
R 1 and no gap behavior is ever seen in contraction. 

Figure 5 illustrates that for a given value of R, the size 
of the gap is determined by n while the shapes of the 7eff 

curves are quite different for different n. It is also true 
that for a given shape of the 7 , ~  curves, the size of the gap 
is determined by n. This is demonstrated in Figure 6 for 
n = 0.2, 0.5, and 0.7. In each case, a(T,6) was adjusted so 
that the slope of the To = 30 "C curves are about the same 
as they approach 6 = 0 (i.e., similar to Figure 1). The size 
of the gap is then seen to increase with n. The values of 
R are quite different in these three cases. Figure 6 is thus 
complementary to Figure 5. The property illustrated in 
Figure 6 will allow us to fit the shape of the Teff expansion 
data in Figure 1 by adjusting a(T,6) and to fit the gap size 
by tuning the n value. 

The coupling model thus predicts that the expansion gap 
is a direct consequence of a structural-dependent relaxa- 
tion time and a broad relaxation spectrum as measured 
by n. However, this is not true of the previous pheno- 
menological models even though they contain these ele- 
ments. The expansion gap predicted from Moynihan's 
expression eq 1.10 is 

AM = (1 - p)  log [ Jt(b)dt'r-l/Xt(a)dt' 7-11 (3.11) 

-2 0 2 - 2  0 2 - 2 0  2 
6 x io3 

Figure 6. Illustration of the coupling model expansion gap 
relation, eq 3.9. For each n, a(T,6) was adjusted to produce the 
same slope for the T = 30 "C curves as 6 = 0 is approached. The 
gap size can then be tuned by increasing n. 

Whereas the coupling model prediction eq 3.9 depended 
on the ratio of ta(b) and ta(a), the Moynihan gap depends 
on the ratio of the integrals of 7-l over all previous times. 
The ratio of these integrals is smaller than the ratio of the 
times ta(b)/ta(a). In the calculation of Moynihan's function 
in Figure 2, we fiid that t,(30) and tJ32.5) are 0.4 decades 
apart a t  6' X lo3 = -0.1 while the ratio of the integrals is 
only Thus AM = 0.5 X 0.24 = 0.12 by eq 3.11 for 
Moynihan's expression. No significant gap appears re- 
gardless of what value of p or variation of T ( T , ~ )  is used. 
The expansion gap from the KAHR model also depends 
on the integrals over 7-l up to tar(b) and t6,(a), although 
in a more complicated way. The absence of a gap in the 
KAHR model may have a similar origin to that of Moy- 
nihan's. 

The coupling model predicts that the gap A = n log R 
observed during structural expansion recovery has the 
same origin as the relations G(t )  = Go exp[-(t/~*)l-"] and 
7* = [(l - n)ucn~o]l/(l-n) observed at structural equilibrium. 
Therefore, if R is read from the measured 6 vs. log t re- 
covery curves and the size of the gap A is found from the 
corresponding Teff plot, the value of n can be predicted. 
This should equal the n found from fitting equilibrium 
relaxation data to the Kohlrausch function. 

Let us now quantitatively examine the volume recovery 
data. We will begin with expansion data because of the 
importance of the expansion gap. Consider the T1 = 35 
"C expansion curves with To = 30 and 32.5 "C in Figure 
1. After the temperature jump from T1 to To, the volume 
deviation begins at the value 6, = Aa(To - Tl) and recovers 
to 6 = 0. From estimates of the values of a0 from Figure 
1 we find A a  = 4.65 X K-l. This is consistent with 
the measured value of Aa reported by Kovacs. Experi- 
mentally, Aa has only a slight dependence on temperature 
and on the time after quench, and we will assume the 
constant value Aa = 4.65 X K-' in all the following 
calculations. The a(T,6) dependence on 6 determines the 
shape of the 7eff curves while n determines the size of the 
gap as is illustrated in Figure 6. This allows us to deter- 
mine n and a(T,6) almost uniquely. Figure 7 shows a 
comparison of calculated 7,ff curves with the data. These 
curves were calculated with n = 0.55. If n is constant, we 
have found that it must be in the range 0.55 5 n < 0.57 
to be consistent with the observed gap. A comparable fit 
can also be obtained with n changing self-consistently as 
a function of 6 (or Tf). A linearly decreasing n(Tf) from 
n(Tf) = 0.58 at Tf = 30 "C to n(Tf) = 0.53 at  Tf = 35 "C 
produces virtually the same result as Figure 7. Therefore, 
it is consistent with a slight change in the shape of the 
spectrum as reported by KSF. If n is allowed to change 
over a larger range, the gap size becomes unacceptably 
large. The a(35,6) function which is required by the shape 
of the 7eff plots is also shown in Figure 7. The value of 
7*(35,0) must be specified to determine the magnitude of 
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., from K.S.F. eqn. 
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Figure 7. Comparison of the coupling model with expansion data 
of Figure 1 at 35 "C. Here ~*(35,0) = 0.14 h, Pa = 4.65 X 
K-I, and n = 0.55. The value n = 0.55 agrees with measurements 
of Plazek in equilibrium and the predicted shift factor a(T,6) 
agrees with the independently measured KSF shift factor, eq 3.2. 

T* (e.g., see eq 3.7). We have found that ~*(35,0) = 0.14 
h shifts the curves into the experimental time window. 

Therefore, the coupling model is consistent with the T 
= 35 "C expansion data only for a very narrow range of 
the coupling model parameters. Let us examine the im- 
plications of these results. The range 0.55 I n < 0.57 of 
constant n found from the volume fits is compatible with 
the range of 0.55 5 n, I 0.59 found by Ngai and Plazek41 
by relating the Kohlrausch function to shear creep com- 
pliance data on PVAc at  temperatures 37.5 "C I n < 40 
"C. The Plazek samples were drier than the Kovacs sam- 
ples. It is then possible that the Kovacs samples used in 
the volume recovery have smaller n values. We have found 
on other occasions that plasticizers (e.g., moisture) may 
cause a slight decrease in n. The n's from the volume and 
the shear creep found here, however, are consistent. This 
is in accord with the coupling model interpretation of the 
expansion gap described above. The same functional de- 
pendence of a(35,6) on 6 is used to generate both the To 
= 30 and 32.5 "C curves in Figure 7. In Figure 7, this is 
compared with the shift factor measured independently 
by KSF and represented by their Doolittle equation, eq 
3.2. Our predicted shift factor is essentially identical with 
the KSF shift factor. Using a different value of n within 
the allowed ranges discussed above produced the same 
agreement with the KSF shift factor. We have found a 
systematic correlation between the quality of fit of the 
calculated Teff curves to the data and the agreement be- 
tween the calculated and KSF shift factors. For instance, 
if we use an n that is too small to produce the gap (e.g., 
n = 0.5 instead of n = 0.55), then the calculated shift factor 
deviates from the KSF shift factor. The close fit of the 
Teff curves to the data in Figure 7, including the gap, 
corresponds to a close agreement between the shift factors. 
This detailed reproduction of the Teff expansion curves 
using a Aa value as reported by Kovacs and independently 
measured n and a(35,6) provides strong support for the 
coupling model. The only other parameter used was 
7*(35,0) = 0.14 h. We do not have an independent mea- 
surement of this, but the value is quite reasonable when 
compared to the time scale in the 6 vs. log t data in Figure 
1. 

For the To = 30 "C and T1 = 35 "C curve, the fictive 
temperature from eq 3.4 changed from T f  = 30 "C to Tf  
= 35 "C as 6 recovered from 6o to 0. The value of n(Tf) 
remained constant a t  0.55 in Figure 7 as Tf  changed from 
30 to 35 "C although, as discussed, comparable fits could 

I I 1 
-5 -4  -3 -2 -1 0 1 

6 x io3 

I I 
-2.0 -1.5 -1.0 -0.5 0 

log t (hrs) 

Figure 8. Volume recovery data of Kovacs (ref 5 )  in PVAc at 
40 "C. For each pair of curves, A and R = tz / t l  are estimated 
and a value of n is obtained from the expansion gap relation, eq 
3.9. These are consistent with measurements of Plazek in 
equilibrium. 

TI = 40'C 

Q hem K.S.F. ST. 

i -3 -1 
6 X I O 3  

Figure 9. Comparison of the coupling model with expansion data 
of Figure 8 at 40 "C. Here ~*(35,0) = 0.14 h, Pa = 4.65 X lod 
K-l, and n is given by eq 3.12. The n values are consistent with 
measurements of Plazek in equilibrium and the predicted shift 
factor follows the modified WF Doolittle equation as 6 - 0. 

be obtained in which n changed by An 0.05. Let us now 
examine the expansion data a t  TI = 40 "C. The 6 vs. log 
t data and corresponding Teff plots are shown in Figure 8. 
Now Tf  will change from 30 to 40 "C when the initial 
temperature is To = 30 "C.  To be compatible with the T1 
= 35 "C calculation in Figure 7 ,  n(Tf) should be constant 
a t  0.55 at  least between T f  = 30 "C and Tf  = 35 "C. The 
simplest continuation between Tf  = 35 "C and Tf  = 40 "C 
would be for n(Tf) to remain constant at 0.55. Using n = 
0.55 constant, we have calculated the Tl = 40 "C expansion 
curves for To = 30, 32.5, 35, and 37.5. The a(40,6) de- 
pendence on 6 is determined by obtaining the best fit to 
all four curves. The results are able to reproduce both the 
shape of the Teff curves and the size of the gaps between 
each pair of curves near 6 = 0. However, we have found 
that a slight decrease in n between T f  = 35 "C and Tf  = 
40 "C is able to produce a better fit to the shape of Teff 
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curves for To = 35 "C and 37.5 "C. This calculation is 
shown in Figure 9 where we have used 

n(Tf) = 0.55, Tf = 30-35 "C 
= 0.55-(0.05/40)Tf, Tf = 35-40 (3.12) 

A decrease in n for large Tf would be consistent with KSFs 
observation of a slight change in the relaxation spectrum 
a t  long elapsed times after quenching. Fits comparable 
to Figure 9 are obtained with n( Tf) decreasing linearly from 
0.58 to 0.48 between Tf = 30 and 40 "C. The gap sizes a t  
TI = 40 "C are A z 0.2 decade compared to A = 0.3 decade 
a t  T1 = 35 "C. The gap is smalier a t  T1 = 40 "C even 
though n is about the same because the ratios R of times 
in eq 3.9 are different. In fact, we have used eq 3.9 to 
directly obtain the value of n from the Tl = 40 data. This 
is demonstrated in Figure 8. At  6 X lo3 = -0.1, we have 
obtained log R between each pair of curves on the 6 vs. log 
t plot as indicated in the figure, Similarly, we have ob- 
tained the sue of the gap A between each pair of 7& curves. 
Then using n = A/(log R) from eq 3.9, we find n = 0.58 
f 0.06, 0.56 f 0.06, and 0.55 f 0.07 from each of these 
estimates. This assumes an uncertainty in A of f0.02 
decade. These values of n agree with our self-consistent 
calculations for fitting the data in Figure 9. They are also 
in the same range as the n's obtained by Ngai and Plazek41 
by fitting shear creep compliance data on the basis of a 
Kohlrausch function for temperatures 37.5 I T < 40 "C. 
As mentioned earlier, it is possible that the n's for the 
Kovacs samples are slightly smaller than Plazek due to 
moisture content. 

The quality of fit to the 7,ff curves is comparable in 
Figures 7 and 9 even though we have fit four curves si- 
multaneously at  T1 = 40 "C. The function a(40,6) deter- 
mined by these fits is also shown in Figure 9. This is 
compared to the KSF shift fador a t  40 "C as given by the 
Doolittle form eq 3.2. Although our a(35,6) agreed closely 
with the KSF shift factor a t  35 "C, our a(40,6) is not as 
steep as a function of 6 as KSF a t  40 "C. However, KSF 
have pointed out that the temperature dependence of their 
Doolittle equation at  volume equilibrium is steeper than 
the Doolittle equation obtained by dynamic shear mea- 
surements on PVAc at  a higher range of temperature (50 
I T I  90 "C) by Williams and Ferry (WF)43 (i.e., see Figure 
8 in ref 39). WF also reported that their Doolittle equation 
agrees with the shift factor from dielectric data (40 I T 
5 105 "C). When extrapolated to the range of tempera- 
tures of the KSF measurement (T < 39 "C), the WF 
Doolittle equation is not as steep as a function of T as the 
KSF Doolittle equation. The WF shift factor, measured 
at  6 = 0, took the form of eq 3.2 but with the values f(35,O) 
= 0.0298 and af = 5.9 X K-l. If we follow KSFs 
procedure of modifying the Doolittle equation by adding 
6 to the fractional free volume, we can plot the modified 
WF shift factor as a function of 6. This WF shift factor 
is also compared to our a(40,6) in Figure 9. We see that 
there is a close correspondence between our calculated 
a(40,6) and the WF shift factor. There is some deviation 
near the initial 6, 6o X lo3 -4.65, which corresponds here 
to Tf = 30 "C. However, it follows the WF curve thereafter 
as Tf increased toward 40 "C. 

Therefore, the coupling model analysis of the volume 
recovery predicts a shift factor a(T,b) that at low tem- 
peratures (Le., Tl = 35 "C) agrees with the 6 dependence 
of the independently measured KSF shift factor and that 
crosses over a t  higher temperatures (i.e., TI = 40 "C) at  
the WF shift factor. At T1 = 40 "C, there is possibly an 
indication of a crossover from KSF at low Tf to WF at  high 
Tp The need to use different Doolittle or WLF equation 
parameters a t  low and high temperatures in PVAc has 
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been verified by the more recent measurements of Plazek.= 
His shear creep compliance measurements of the softening 
dispersion extend from 37.5 "C to 60 "C. This overlaps 
both the KSF (T < 40 "C) and the WF (40 I T I 90 "C) 
temperature ranges. Plazeks samples were dry compared 
to the KSF and WF samples. However, Plazek showed 
that the temperature dependence of the shift factors from 
all three sets of data are compatible after correcting the 
Tis of the wet samples. He concluded from his work that 
the PVAc data from the softening dispersion cannot be fit 
to any of the free volume related equations (Le., Doolittle, 
WLF, etc.) over the whole temperature range 37.5-90 "C. 
A Doolittle equation can be used to fit a portion of this 
range, but different parameters must be used in different 
regions. Recent papers on modeling volume recovery have 
also discussed the limited range of WLF equations and the 
need to understand the temperature dependences in the 
different  region^.^' The coupling model is able to predict 
shift factors from the features of volume recovery that are 
compatible with existing shear data. The functional de- 
pendences of the shift factor or 7* are predicted by the 
coupling model to be correlated both with the value of n 
and with the detailed shapes of the expansion curves. 
These predictions are verified in the volume expansion 
data. 

The coupling model deals not only with the directly 
observable parameters 7* and n but also relates these to 
a primitive relaxation time T@ In section 2 we gave the 
example of the terminal relaxation of monodisperse en- 
tangled polyethylene melts. There the molecular weight 
and temperature dependence of 7* could be predicted from 
the molecular weight and temperature dependence of 7@ 

These are related via eq 2.9 by the value of n that can be 
measured from G(t). The temperature dependences of 7* 

and T~ are contained in friction Coefficients C ( T )  and Co(T). 
At sufficiently high temperatures above Tg, the friction 
factor {(T) of polyethylene is thermally activated. The 
predicted relation E,* = E,/(l - n) was verified where E,* 
= 6.35 kcal/mol is the observed activation energy from flow 
viscosity, E, = 3.6 kcal/mol is the rotational isomerism 
barrier of the molecule from spectroscopic measurements, 
and the measured coupling parameter is n = 0.41. A 
primitive 70 should also be responsible for the observed 
behavior of the volume recovery in PVAc even though it 
does not take a simple Arrhenius form. In fact, there is 
evidence that a single primitive friction coefficient C 0 ( T )  
governs the temperature dependence of both the primary 
and the terminal relaxations in PVAc. Plazek has found 
that the shift factor for the terminal dispersion is signif- 
icantly different from that of the softening dispersion in 
PVAc between 37.5 and 50 "C. Ngai and Plazek41 have 
been able to explain these two shift factors in terms of a 
common primitive friction coefficient by using the coupling 
model. As mentioned earlier, the n that they found for 
the primary relaxation contribution to the softening dis- 
persion is in the range 0.55 < n, < 0.59. This was con- 
sistent with our volume results. The n for the terminal 
dispersion, however, is in the range 0.40 < n, < 0.45. From 
eq 2.9, the friction coefficients are related by {,(7') 
({o(T))l/(l-n=) and {,,(T) a ({o(T))l/(l-nq). In terms of the 
apparent activation energies defined by E*,, d In ar,/ 
d ( l / T )  and E*,, d In a,/d(l/T), this implies 

where the primitive apparent activation energy is E ,  =- d 
In uo/d(l /n and a. 70(T)/70(Tr). The difference in the 
shift factors can be explained by the coupling model from 
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Figure 10. Effective activation energies in PVAc measured by 
Plazek (ref 28 and 41) for the softening dispersion E*,, and the 
terminal dispersion E*,,,. E*, is consistent with the shift factors 
of KSF and WF if adjwted for moisture content. Coupling model 
predicts a common primitive effective activation energy E,, eq 
3.13. 

the difference between n, and n,. The relation (1 - na)E*, 
= (1 - ntl)E*,, follows from eq 3.13, and this was quanti- 
tatively verified from the measured shift factors. In Figure 
10 we plot E*,, E*,, and the predicted E, as deduced from 
each of them by eq 3.13. As seen, the primitive E,(T) is 
the same for both the softening and terminal relaxations 
within the uncertainties in the n values. 

This result has great physical appeal because the prim- 
itive friction factor should be a molecular property. E,(T) 
is in the range 40-80 kcal/mol, which is more reasonable 
for an interpretation in terms of molecular conformations 
than E*, or E*,,. These are larger than E, due to the 
cooperative effects of coupling to a complex environment. 
The coupling and the environment are different for the 
terminal and softening relaxations, and this is reflected 
in the different values of n, and n,. Theories or mea- 
surements are not presently available to directly check the 
E,(T) prediction. The primitive relaxation has been di- 
rectly checked for the polyethylene melts and several other 
cases. Since Plazek has shown that aTa is compatible with 
the KSF and WF shift factors, the present volume results 
are also consistent with the same primitive E,(T) (if we 
take into consideration the different moisture content of 
the samples). Thus, the coupling model has quantitatively 
linked the terminal dispersion, the softening dispersion, 
and the nonlinear volume recovery in terms of molecular 
properties. In each of these areas of polymer physics, the 
coupling model has been able to  quantitatively resolve 
apparent anomalies. This reflects the fundamental origin 
of the time-dependent rate W(t)  from generic properties 
of dynamical systems. 

Next we consider the volume recovery data in contrac- 
tion. Figure 3 had illustrated that our calculated con- 
traction curves have the correct general properties, but now 
we test it quantitatively. We follow the same procedure 
as with the expansion data. The values of n(Tf)  for T f  
between 30 and 40 "C must be consistent with those used 
in Figures 7 and 9. Figure 11 shows the Teff calculations 
for T1 = 30 "C with To = 32.5, 35, 37.5 and 40 "C. Ex- 
pansion data for T1 = 30 "C is not available due to ex- 
perimental difficulties. a(30,6) is determined from the best 
fit to the shapes of the curves. The reproduction of the 
Teff curves is good with the exception of To = 40 OC. 

Ti = 3 O C C  1 
o hm K . W .  em. 
- caipllrq mob1 

E l  OI -q 
- 
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-1 0 1 2  3 4 
b X l o 3  

Figure 11. Comparison of the coupling model with contraction 
data of Kovacs (ref 5) in PVAc at 30 O C .  Here 7*(35,0) = 0.14 
h, Aa = 4.65 X lo4 K-l, and n is given by eq 3.12. Contraction 
data may involve formation of inhomogeneities following rapid 
cooling. 

However, the overall quality of fit is not quite as good as 
the expansion fits in Figures 7 and 9. This is reflected in 
the comparison of our calculated a(30,6) with the KSF shift 
factor with T = 30 "C. They have similar slope but are 
shifted apart in magnitude. We had noted the same sys- 
tematic correspondence between quality of fit of the ex- 
pansion Teff curves and agreement between shift factors. 
If we deliberately worsen the quality of the expansion fits, 
the shift factors similarly begin to deviate. The result of 
Figure 11 might be interpreted as evidence for the KSF 
shift factor in contraction if the deviations in the Teff fits 
can be understood. The To = 40 "C  curve is very close to 
the To = 37.5 "C curve and must be considered unac- 
ceptable. Part of the reason for this may be the need for 
using a finite cooling ramp in the calculation for To 2 40 
"C as noted earlier by KAHR. 

The discrepancies between the calculated contraction 
curves and the data systematically increase as we go to 
higher T1. The Tl = 35 "C contraction calculations showed 
unacceptable deviations even for the AT = T1 - To = 2.5 
"C and 5 OC curves, which had fit well at T1 = 30 "C. The 
evidence for the coupling model in expansion must be 
considered quite strong. There the samples had been well 
aged, and the initial temperatures were below or near Tr 
The contraction experiments involve rapid cooling from 
initial temperatures To, which are often several degrees 
above Tr Such rapid cooling from above Tg may involve 
the formation of inhomogeneities within the material. If 
these inhomogeneities persist for a significant fraction of 
the volume recovery time, then our use of a primitive 
relaxation time 7 0  homogeneous throughout the material 
is no longer justified. Such inhomogeneities could not be 
formed during expansion. It may then be necessary to use 
several distinct relaxation times rO1, 702, etc., for the con- 
traction experiments. The coupling model mechanism 
would then generate r l*,  r2*, etc., and nl, n2, etc. The 
dependence of each of these on T and b may also be dif- 
ferent. The volume recovery would then be generalized 
to 

This possibility is physically plausible and would be 
expected to occur only for the contraction experiments. 
The use of a homogeneous r0 would also be less applicable 
as T1 and To increase, and this is consistent with our 
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contraction calculations. However, it is difficult to quan- 
titatively prove this a t  present. The T I  = 30 “C results 
in Figure 11, where homogeneous conditions may not yet 
have completely broken down, can be interpreted as evi- 
dence for the role of the coupling model in contraction. 
However, if inhomogeneities must be accounted for in 
contraction by eq 3.14 for larger TI and To, then it becomes 
difficult to describe this in detail. Equation 3.14 contains 
many parameters, and it is not clear how to separate the 
different contributions in the data. We do not wish to use 
many unknown parameters to attempt a fit to contraction 
data. However, illustrative simulations we have run with 
three terms of eq 3.14 shows that this can, in principle, 
improve the agreement for the contraction data. At  suf- 
ficiently long times into the recovery, the material may 
return to a homogeneous condition, and this might be 
possible to observe. A possible way to test this is to repeat 
the KSF experiment which measured shear and volume 
in parallel. If G”(w) is measured over a sufficient number 
of decades to exhibit a loss peak, then the shape of the loss 
peak can be examined at  different elapsed times after 
quench. For a homogeneous situation, the loss peak can 
be described by a single Kohlrausch function. The evo- 
lution of the material during contraction to a homogeneous 
condition might then be monitored. 

4. Summary 
A coupling model of relaxation has been described that 

predicts a time-dependent relaxation rate, eq 2.3, based 
on generic properties of dynamical systems. In structural 
equilibrium this leads to the Kohlrausch decay law eq 2.8 
and a second relation eq 2.9 between the observed and 
primitive relaxation times. Previously, these have been 
repeatedly verified for several relaxation processes. The 
more general decay law eq 3.6 is predicted for situations 
out of structural equilibrium. When applied to volume 
recovery following a rapid temperature step, the coupling 
model predicts a gap in the 7eff expansion data near 6 = 
0 as observed in the experimental data. This feature could 
not be reproduced by any previous model. Furthermore, 
the coupling model is able to quantitatively relate the size 
of the expansion gap and the shape of the 7eff plots to 
independently measured shift factors and relaxation 
functions. The size of the gap determines the value of the 
coupling parameter n near equilibrium. The values of n 
obtained from Kovacs’ volume recovery data are in 
agreement with the Kohlrausch exponent obtained by Ngai 
and Plazek from shear compliance measurements in 
equilibrium. The shape of the Teff plots determine the 6 
dependence of the shift factor. The shift factor predicted 
from the volume recovery data are in agreement with the 
Doolittle equation obtained by Kovacs, Stratton, and Ferry 
using dynamic mechanical shear at 35 “C. The coupling 
model further predicts that the shift factor crosses over 
to the Doolittle equation of Williams and Ferry at  40 O C .  
The need to use different Doolittle or WLF parameters 
in different temperature regimes in PVAc has been em- 
phasized by KSF, Plazek, and others. 

Ngai and Plazek have previously been able to quanti- 
tatively relate the shift factors for the terminal dispersion 
and the softening dispersion in PVAc by use of the cou- 
pling model. The present work now relates both of these 
to the shift factor obtained from the volume recovery. Use 
of the predicted relation eq 2.9 between the observed r* 
and primitive r0 relaxation times shows that the same 
underlying 7, can quantitatively account for the terminal 
dispersion, the softening dispersion, and the volume re- 
covery in PVAc. This represents a considerable unification 
of quite different relaxation regimes in a polymer. 
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The assumption of a single (i-e., homogeneous) relaxation 
time was found not to apply to the contraction data a t  the 
higher temperatures. This was consistent with the for- 
mation of inhomogeneities within the material during rapid 
cooling from above TB‘ This situation could not be 
quantitatively tested with the coupling model because the 
several parameters involved are not presently available 
from independent measurements. 

The coupling model is based on fundamental properties 
of complex dynamical systems. These properties represent 
genuinely new physics that have not been incorporated into 
previous models. The present model avoids the many 
phenomenological assumptions used in other models and 
leads to powerful predictions. The success of the coupling 
model in volume recovery in reproducing the expansion 
gap and quantitatively predicting independently measured 
shift factors and coupling parameters is strong evidence 
for the role of the coupling mechanism in structural re- 
covery near Tg. 
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ABSTRACT: Three-phase separation was observed in solutions of cyclohexane and two narrow distribution 
samples of polystyrene with M, = 4.36 X lo4 and 1.26 X lo6 a t  temperatures near 14.0 "C. The phase diagram 
constructed from the composition data for the three phases was compared with the theoretical predictions 
derived from our recently proposed empirical expression for the apparent second virial coefficient r. A fairly 
good agreement was found between experiment and theory, crediting a high accuracy of our r function. I t  
was also confirmed by the present calculation that three-phase separation proceeds via the heterogencous 
double plait point mechanism as originally pointed out by Tompa and recently discussed in detail by Solc 
and Dobashi and Nakata. 

Koningsveld and co-~orkersl-~ early observed three- 
phase separation to occur in (quasi-binary) ternary solu- 
tions consisting of diphenyl ether and two polyethylenes 
or cyclohexane (CH) and two polystyrenes (PS) as pre- 
dicted by Tompa's t h e ~ r y . ~  Very recently, Dobashi and 
Nakata6 published a more extensive and precise study of 
this phenomenon in the system of methylcyclohexane 
(MCH) and two narrow distribution PS. Actually, they 
determined the three-phase line (coexistence curve) on the 
temperature vs. total polymer concentration plane and 
compared it with the prediction from the g function (de- 
fined originally by Koningsveld and Staverman') similar 
to that proposed by Koningsveld and Kleintjens.* The 
agreement was only moderate; the calculated curve was 
much narrower than the observed one and appeared 2 K 
below the latter. This finding is not surprising because 
it was already known that Koningsveld and Kleintjens' g 
does not take into account the dilute solution effect and 
the chain length dependence in the concentrated regime, 
as was pointed out by Nies et al.9 
As in previous work, Dobashi and Nakata did not take 

direct measurements of the compositions of the three 
separated phases. However, experimental data of these 
compositions are necessary to determine the triangular 
phase diagram of a system containing three phases in 
equilibrium. They also can be used for a stringent test of 
a theoretical or empirical expression of the Gibbs free 
energy G (or the g function) of the system, since the 
pattern of three-phase equilibrium should be very sensitive 
to the form of G as a function of temperature and com- 
position. 

Motivated by these considerations we undertook an 
experimental study as reported in this paper. Thus, we 
allowed a ternary solution of cyclohexane and two narrow 
distribution PS to be separated into two or three phases 
by a suitable choice of experimental conditions and tried 
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to measure the composition of each phase by gel per- 
meation chromatography (GPC). Further, the results were 
compared with predictions from the empirical expression 
of G recently proposed by Einaga et al.1° for an arbitrary 
mixture of monodisperse PS homologues in cyclohexane. 
Proposed Expression for the I' Function 

For the ternary system considered here we designate 
solvent cyclohexane as component 0, shorter chain PS as 
component 1, and longer chain PS as component 2. We 
express the chemical potential po of component 0 aslo 

pO/RT = pOo/RT - 4 / p n  - ~(T,#J~ ,#JZ;P~,P~)@ (1) 
where p,,' is the value of p,, in the pure state of component 
0, R the gas constant, T the absolute temperature, q5i the 
volume fraction of component i, Pi the relative chain length 
of component i (Po = l), and 4 the total polymer volume 
fraction. The number-average relative chain length P,, of 
the polymer mixture is expressed by 

2 

i = l  
Pn-1 = &Pi1 (2) 

with ti = &/4, which is the weight fraction of component 
i in the polymer mixture subject to the usually valid as- 
sumption that the specific volume of a polymer is inde- 
pendent of its chain length. 

From eq 1 and the Gibbs-Duhem relation it follows1o 
that the chemical potential pi of component i (i = 1 , 2 )  is 
given by 
pi/RT = pim/RT + In C#J~ - #J + (1 - Pi/Pn)$ + 

4 0  - 4)PJ + PiJd[r + (1 - ti)(ar/ati)l d4 (3) 

(4) 
where pim defined by 

pim = lim (pi - RT In &) 
d-0 
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